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Abstract. We give the complete classification of regular projectively Anosov 
flows on closed three-dimensional manifolds. More precisely, we show that 
such a flow must be either an Anosov flow or decomposed into a finite union of 
X /-models. We also apply our method to rigidity problems of some group 
actions. 



1. Introduction 

1.1. Regular projectively Anosov flows. In [TH], Mitsumatsu introduced a bi- 
contact structure on a three-dimensional manifold, i.e., a pair of mutually transverse 
positive and negative contact structures. He observed that a three-dimensional 
Anosov flow naturally induces a bi-contact structure whose intersection as a pair of 
plane fields is tangent to the flow. In general, the intersection of a bi-contact struc- 
ture does not define an Anosov flow. In fact, he showed that a bi-contact structure 
corresponds to a projectively Anosov flow, which is a generalization of an Anosov 
flow. In [12], Eliashberg and Thurston also studied bi-contact structures and pro- 
jectively Anosov flows {conformally Anosov flows in their book) from the viewpoint 
of confoliation theory. They observed that a bi-contact structure naturally appears 
in a linear deformation of a foliation into contact structures. 

A flow $ ~ {$*}fgR on a three-dimensional manifold M is called a projectively 
Anosov flow (or a PA flow) if it has no stationary points and admits a decomposition 
TM ~ i?" + by continuous plane fields such that 

• E'^{z) n £"'(z) = r$(z) for any z E M, where is the Hue field tangent 
to the orbits of $, 

• D<i'\E''{z)) = E''{<^\z)) for any a G {m,s}, z £ M, and t e K, and 

• there exist two constants C > and A > 1 such that 

iiA^<f*i(£VT*)(.)ii ■ m^\E^/Tm^)y'\\ < CX-' 

for any z G M and t > 0, where iV$ ^ {iV$*}feR is the flow on TM/T<^ 
induced by $. 

We call the decomposition TM — + E'' a PA splitting. If it satisfies stronger 
inequalities 

||A^<J>*|(i;VT*)(.)ll < CX-\ ||(iV<i>*|(i;vT*)(.))"'ll < CA-* 
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for any z G M and i > 0, then the flow is called an Anosov flow and the splitting 
is called a weak Anosov splitting^. We remark that a PA splitting is a dominated 
splitting on the whole manifold. Such a splitting plays important roles in the modern 
theory of dynamical systems. See ^ for example. 

It is known that a PA splitting is always integrable. However, the splitting is 
not smooth in generaQ. In fact, any orientable closed three-dimensional manifold 
admits a smooth PA flow, but no PA flow on the three-dimensional sphere admits 
a PA splitting. See Theorems 4.2.6 and 4.3.1 in [TH]. From the viewpoint of 
confoliation theory, a PA flow with a smooth PA splitting corresponds to a linear 
deformation of a smooth foliation into contact structures whose derivative generates 
another smooth foliation (see [121 Proposition 2.2.3]). 

In [T4|, Ghys classified three-dimensional Anosov flows with a smooth weak 
Anosov splitting. We say an Anosov flow $ is algebraic if there exists a Lie group 
G, its cocompact lattice F, and a one-parameter subgroup {a*}tes. of G such that 
<I> is a flow on T\G given by $*(F(7) = T{g ■ a*). It is known that there are only two 
choices of G up to covering: 

(1) The universal covering group PSL(2, K.) of the special linear group of M^. 

(2) The semi-direct product KkR^ associated to a homomorphism H : K^GL(2, M) 
given by H{t){x,y) = (e*a;, e"*, y). 

In the former case, the algebraic Anosov flow can be identified with the geodesic 
flow on a closed surface with a hyperbolic metric up to finite cover. In the latter 
case, the algebraic Anosov flow can be identified with the suspension fiow of a 
hyperbolic toral automorphism. 

Theorem 1.1 (|14j). // an Anosov flow on a closed three-dimensional manifold 
admits a PA splitting, it is smoothly equivalent to an algebraic Anosov flow. 

It is natural to ask whether any PA fiow with a smooth PA splitting is equivalent 
to an algebraic model or not. In [23j, Noda showed that if a PA flow on a T^-bundle 
over admits a smooth PA splitting and has an invariant torus, then it must be 
represented as a finite union of so-called x I -models. Roughly speaking, a x /- 
model is a flow on x [0, 1] which is transverse to x {z} for any z e (0, 1) and is 
equivalent to a linear flow on each boundary. See |23j for the precise definition. In 
a series of papers, he and Tsuboi gave a classification for certain manifolds, which 
is summarized as follows. 

Theorem 1.2([23l[24l[25l|29]). //a PA flow on a Seifert manifold or a T"^ -bundle 
over admits a smooth PA splitting, then it is either an Anosov flow or represented 
as a finite union of x I -models. 

The author of this paper also approached the classification from another direc- 
tion. In 13] , he showed that if a PA fiow on any closed three-dimensional manifold 
admits a smooth PA splitting and all periodic orbits are hyperbolic, then it is 
equivalent to one of the above. 

In [24], Noda conjectured that the above is the complete list of three-dimensional 
PA fiows with a smooth PA splitting. The goal of this paper is an affirmative 
solution to the conjecture. 

^It is different from but equivalent to the common definition of an Anosov flow as pointed out 
by Doering 1111 Proposition 1.1], 

PA flow with a smooth PA sphtting is called regular. However, we do not use the term 
'regular' in this sense since we use this term in other context below. 



REGULAR PROJECTIVELY ANOSOV FLOWS ON THREE-DIMENSIONAL MANIFOLDS 3 

Theorem 1.3. If a PA flow on a closed, connected, and three-dimensional manifold 
admits a PA splitting, then it is either an Anosov flow or represented as a finite 
union ofT'^xI models. 

The theorem gives a solution to a conjecture posed by Mitsumatsu (Conjecture 
4.3.3 in fW') immediately. 

Corollary 1.4. Any bi-contact structure associated to a PA flow with a smooth 
PA splitting consists of tight contact structures. 

We give the proof of Theorem 11.31 in Sections [2] and [3l In Section [2l we show a 
dichotomy on dynamics of a PA flow with a PA splitting. Namely, either the 
flow is topologically transitive or the non-wandering set is the union of invariant 
tori with rotational dynamics. It is not so hard to see that the latter implies that 
the flow is represented by x /-models. In Section [31 we show the former implies 
that the flow is Anosov. It is done by proving the hyperbolicity of all periodic 
orbits. 

1.2. Foliations with a tangentially contracting flow. Let The a codimension- 
one foliation on a three-dimensional manifold M. We say a flow <I> is tangen- 
tially contracting with respect to J- if there exist C > and A > 1 such that 
\\N^*\Tj=-/T<s>iz)\\ < CX~* for any z € M and i > 0. We apply the method de- 
veloped in this paper to a classification of foliations which admit a tangentially 
contracting flow. 

Theorem 1.5. Let M be a closed three-dimensional manifold and J- a C codimension- 
one foliation on M with r > 2. Suppose that T admits a C' tangentially contracting 
flow Then, $ is Anosov and T is C -diffeomorphic to the weak stable foliation 
of an algebraic Anosov flow. 

We give two examples of group actions which induce a foliation with a tangen- 
tially contracting flow naturally. The above theorem implies the rigidity of such 
actions. 

Locally free actions of the affine group. Let GA be the group of orientation preserv- 
ing affine transformations of the real line K. It is generated by two one-parameter 
subgroups {a*}tgR and {b^}xeR with a relation b^ ■ a* = a^ ■ 5cxp(-t)2: -y^g 
action p : M x GA^M on a manifold M is locally free if the isotropy subgroup 
{g e GA I p{p, g) = p] is discrete for any p e M . By 0{p, p), we denote the p-orbit 
{p{Pj9) I 9 £ GA} of p e M. If p is of class and M is closed, then the parti- 
tion Op — {0{p,p) I p e Af} is a foliation. The flow {p(-,a*)}tgR is tangentially 
contracting with respect to Op. 

In [13], Ghys classified C locally free action of GA on closed three-dimensional 
manifolds for r > 2 up to C" conjugacy assuming the existence of an invariant 
volume. Applying Theorem ll.Sl to Op, we obtain a classification of the orbit foliation 
of actions without the assumption on an invariant volume. 

Theorem 1.6. Let p be a locally free action of GA on a closed three-dimensional 
manifold with r > 2. Then, the orbit foliation of p is C diffeomorphic to the weak 
stable foliation of an algebraic Anosov flow. 

In the forthcoming paper [2], we will give a classification of the actions of GA 
up to smooth conjugacy. 
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Actions of Fuchsian groups on the circle. Let Tg be the fundamental group of the 
oriented closed surface of genus g > 2. We identify the circle S-^ with the real 
projective line. It induces a projective structure to the circle. We call an action $ 
of Tg on the circle projective if it preserves the projective structure. We say two 
actions $i and $2 of Tg are C-conjugate if there exists a C diffeomorphism H 
(or a homeomorphism if r = 0) of such that iJ($i(7,p)) = $2(7, H{p)) for any 
7 G Fg and p G . In '14|, Ghys proved the rigidity of projective actions. 

Theorem 1.7 ( 14J). Let $ : Fg x S^^S^ he a C" action with r > 3. Suppose that 
$ is C'^ -conjugate to a projective action. Then, it is -conjugate to a projective 
action. 

His proof can be divided into two steps. The first step is to show that the 
suspension foliation of the action admits a tangentially contracting flow. The second 
step is to construct a transverse projective structure of the foliation using the flow 
obtained in the first step. The first step can be done even for r = 2. The second 
step also can be done even for r = 2 if the flow obtained in the first step is Anosov, 
as Ghys mentioned in Section 5 of [Mj. Hence, Theorem 11.51 implies the following 
improvement of the above theorem. 

Theorem 1.8. Theorem \1.7\ holds even for r ~ 2. 

It is known that the theorem does not hold for r = 1. See |14| . 
Acknowledgments. The author would like to thank Professor Takashi Inaba for 
letting the author know the stability theory and the level theory of Cantwell and 
Conlon, which are necessary to prove Lemma [2.14l This paper was partially written 
when the author stayed at Unite de Mathematiques Pures et Appliquees, Ecole 
Normale Superieure de Lyon. He is grateful to the members of UMPA, especially 
to Professor Etienne Ghys for their warm hospitality. He would also like to thank 
an anonymous referee for many comments to improve the paper. 



In the rest of the article, we fix an orientable, closed, connected, and three- 
dimensional manifold M. Let $ be a PA flow on M with a continuous PA 
splitting TM — -\- E". For a compact ^-invariant set A, we define the stable set 
W%A) and the unstable set PF"(A) by 



and W(A) = W^{A; $~^), where <i>~^ is the time-reverse of $. 

We call a ^-invariant torus T is normally attracting if there exists C > and 
A > 1 such that ||7V$*|^3 /t<s>{z) II < CA^* for any z e T and t >Q. By the existence 
of a PA splitting, our definition coincides with the usual definition. It is known that 
if r is a normally attracting invariant torus, then 14^* (T) is an open neighborhood 
of T and is diffeomorphic to x M. We say an invariant torus T' is normally 
repelling if T' is normally attracting with respect to the time-reverse 

Let be the union of invariant embedded tori to which the restriction of are 
topologically equivalent to a linear fiow. For p G {u, s}, let fl^ be the union of tori in 

tangent to E^. By the linearity of the flow on tori and the domination property 
of the splitting, we have 17* = fi" U fi^, 17" is a union of normally attracting $- 
invariant tori, and fll is a union of normally repelling ^-invariant tori. The exactly 
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same argument as Proposition 3.9 of shows that f2* consists of finite number of 
tori. 

The aim of this section is to show the following dichotomy. 

Proposition 2.1. //$ admits a PA splitting, then either 

(1) (f> is topologically transitive, or 

(2) M = wi^Yi) \jni = U 

The latter implies that <i> is equivalent to one of the known models. 

Proposition 2.2. In the latter case of Proposition [KT\ $ is represented by a finite 
union of x I -models. 

Proof. Fix connected components Tq of ill ^-nd U of W'^{Tq)\Tq. Take an embed- 
ding V : T2 X [0, 1]^M such that x 0) = Tq, Im iJj C U U Tq, and ip^T^ x 1) 
is transverse to the flow. Put T' = ip{T'^ x 1). Since W^*(ri") is a disjoint union 
of the stable sets of connected components of we have T' C ^{Ti) for some 
connected component Ti of fJ" . 

Let Ui be the connected component of M^''(ri)\ri which contains T'. Since Ti 
is normally attracting there exists an embedding ipi : T'^ x [0, 1]^M such that 
Im '01 C Ti U ([/i\Im 'ip), x 0) = Ti, ■(/;i(T2 x 1) is transverse to the flow, 

and each <I>-orbit contained in Ui intersects with ipi{T'^ x 1) exactly once. Then, 
we can take a smooth positive function r on T' such that <i>'^(^^(z) G ipi{T^ x 1) for 
any z ^ T' . It implies that 

U = lA" = Im i/) U Im U {$*(z) I z e T', t G [0, t(z)]} 

is diffeomorphic to T'^ x [0, 1] and its boundary is TqUTi. 

Inductively, we obtain sequences (T„)„>o and {B„)n>o of subsets of M such 
that Tn is a connected component of 17*, i?„ is diffeomorphic to x [0, 1], dBn = 
T„ U T„+i, and Bn H -B,i+i = T^i-i-i for any n. Since 17* contains only finitely many 
tori, we have Tn = Tm for some n ^ m. It implies that M is a T^-bundle over . 
By Noda's classification ^23] , $ is represented by a finite union of x /-models. □ 

The rest of this section is devoted to the proof of Proposition [2TlJ In Subsection 
12.11 we show the existence of the stable and unstable manifolds of invariant sets 
without irregular periodic points. In Section [2.21 we prove the dichotomy when all 
periodic points outside 17* are regular. In the both of subsections, we assume only a 
weaker condition on the regularity of the PA splitting since the regularity of the 
splitting is too strong when we apply the results to a foliation with a tangentially 
contracting flow. At last, in Subsection 12.31 we prove that all periodic points are 
regular for PA flow with a PA splitting. 

2.1. Hyperbolic-like behavior. Let $ be a PA flow and TM E'^ + its 
PA splitting. In this subsection, we do not assume the the splitting is of class C^. 

For z G M, we define the orbit 0{z), the a-limit set a{z), and the uj-limit set 
uj{z) by 

0[z) = {$*(z) I z G M}, 
a{z) = fl {$*(z) I t < -T}, 

T>0 

u;{z) = fl {<f*(z)|t>T}. 

T>0 
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We say a point z G A/ is periodic if there exists T > such that ^"^{z) = z. The 
minimum of {i > | $*(z) = z} is called the period of z. We denote the set of 
periodic points of <f> by Per($), and the non- wandering set of $ by 

We say a periodic point zq is s-regular when there exists an embedded closed 
annulus A tangent to such that C Int A for any t > and r\t>o ^*(^) = 

O{zo). Similarly, we say a periodic point zq is u-regular when there exists an 
embedded closed annulus A tangent to i?" such that <i>^*(^) C Int A for any 
t > and plj^Q (f>^*(yl) = 0{zq). We also say zq is p-irregular for p G {w, s} 
if Zq is not p-regular. Let Per?j.(<i>) be the set of p-irregular periodic points. Put 
Perirr(<&) = Per?.j.(<I>)UPerJ^j.($). The aim of this subsection is to show the existence 
of the unstable manifolds for a compact invariant set which does not intersect with 
f}* UPeri„($). 

Fix a continuous family {(f>z}zeM of embeddings of [—1, 1]^ into M such that 
Im (j)z is transverse to T$ and <j>z{0,0) = z for any z e M. We call {(j)z}zeM o, 
family of local cross sections. Let r* be the holonomy map of the orbit foliation 
of $ between Im (pz and Im (t)^t(^z) along the path {$* (z) | t' £ [0, i]}. We call 
{^i}(z.t)6MxR ihe family of local returns associated to {<t>z}zeM- For A > 0, put 
Da{z) = {z' G Im ^2 I d{z,z') < A}, where d{z,z') is the distance of z,z' G M. 
By the continuity of the family {4)\^zeM, there exists A^ > such that r* is 
well-defined on I?a^(^) for any z G M and t G [—1, 1]. 

The splitting TM/T^ = (E" /T<^) © (E^'/T^) defines projections tt^ and tt" 
from TM to E'^/T^ and E"/T^ respectively. For a > 0, we say an embedded 
interval / in AI is an {E'^ , a) -transversal if ||7r*(w)|| < a||7r"(u)|| for any z G / and 
V G TzI. Similarly, we say an embedded interval / in M is an {E" , a) -transversal if 
||7r"(w)|| < a||7r*(w)|| for any z G / and v G TzI. For A > 0, an interval / is called a 
(A, E^)-interval if it is an (i?**, l)-transversal and r* (/) C -Da(*I'*(-z)) for any t>{). 
Similarly, an interval / is called a (A, E"^) -interval ii it is an l)-transversal and 
r-*(/) C DA{<i>~Hz)) for any t > 0. 

The next lemma is a variant of "the Denjoy property" , which was proved by 
Arroyo and Rodrigues-Hertz in [1] for flows without non-hyperbolic periodic points. 

Lemma 2.3. There exists Ag > such that 

(1) the interior of any (Aq, E^)-interval contains a point z such that w(z) is a 
periodic orbit in Per[J.j.(<I>) or is a torus in 51", and 

(2) the interior of any (Aq, E^)-interval contains a point z such that a{z) is a 
periodic orbit in Perfj.j.(<I>) or is a torus in fij. 

Proof. We will show the former assertion since that the latter can be obtained in 
the same way. In the proof of Proposition 4.2 in [T], Arroyo and Rodrigues-Hertz 
used the hyperbolicity of all periodic points only in the proof of Lemma 4.3 and 
4.4 and the other part of the proof works even if there are non-hyperbolic periodic 
points. Hence, it is sufficient to see how to recover the proof of Lemmas 4.3 and 
4.4 for our case. 

Fix a {S, i!^^) -interval / which contains z. Put /( = r* (/) for t > 0. Let { Js}s>o be 
the family of (A, _E*)-intervals in the proof of Proposition 4.2 of [T], i.e., the maximal 
one among families of (A, -intervals satisfying Is C Js and r*~*(Js) C Jt for 
any t > s > 0. As shown in Lemma 4.1 of [1] (its proof does not require the 
hyperbolicity of periodic orbits), there is a uniform bound from below of the length 
of the local stable manifold of each point of Jg. Let J| be the union of the local 
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stable manifold of each point of Js- Lemma 4.3 of [1] deals with the case that 
r*(JJ) C Jl for some z G M and t > 0. In this case, the exactly same argument as 
Lemma 4.3 of 1 shows that the forward orbit of some point in Int Jq converges to 
a u-irregular periodic orbit. 

Lemma 4.4 of [1] deals with the case that linisup \ Js\ > and r* (JJ)nPer(<i>) ^ 
for some s and t > 0. In this case, we need to show the inclination lemma for an 
(A, i?'*)-interval Js and a periodic point which is sufficiently close to J^. However, 
it is an easy consequence of the existence of the local stable manifolds with uniform 
length (Lemma 4.1 in [T]). □ 

Let A be a compact ^-invariant set such that A n (f2* U Periir($)) = 0. In the 
rest of the subsection, we will show that the stable and unstable manifolds are 
well-defined for any point of A. 

For a subset S of M and 5 > 0, we denote the 5 -neighborhood {p £ M \ infggs d{p, q) < 

S} by AfsiS). Fix < Ai < Aq such that A/^ilA) n (^r2, U Perirr($)) = 0. By the 
center-unstable manifold theorem, there exist constants < i5i < i52 < Ai and a 
continuous family {Wf^^{z)}z^M of {E^ , l)-transversals such that 

• z e T^foc(^) C Ds^iz) and dW{;^^{z) C dDs^{z) for any z G M, 

• Wl'^{z) = Wf^^{z) n Ds{z) is an interval for any < 6 < S2 and z e M, 
and 

• r-\W^^{z)) C 1^5™($*(z)) for any < t < 1 and ze M. 

Proposition 2.4. For any given S > 0, there exists ei > such that 

(1) rJ*(W"™(z)) C Ty|^"($*(z)) for any z e A and t > 0, and 

(2) lim,^J(sup,eMkr*(W^e?(^))l) =0. 

Proof. Without loss of generality, we may assume 6 < 61. If the lemma does not 
hold, then there exist sequences {ek > 0}fc>i, {t^ > 0}k>i, and (zj, G A)^g such 
that 

• lim^^oo Cfe = 0, 

• r-^\W^^izk)) C I^|"($-*(zfc)) for any A: > and < i < tfe, and 
. limsup,_^|rj/'=(I^™(zfe))| >0. 

By the first and the last items, we have limfe_>oo tk ~ 00. By taking subsequences, 
we may assume that $^*'=(zfe) converges to a point z* of A and r~*'' {W^"{zk)) 
converges to an interval / C VF^"(z*) with positive length. Then, / is a {S,E^)- 
interval. Since z^ is a point of / n A, we have w(z) C Afs{A) for any z G /, and 

hence, ti-'(z) n ^il*(<I') U Perirr(<&)^ = 0- However, it contradicts Lemma [2.31 □ 

Corollary 2.5. For any sufficiently small e > 0, W^"{z) is tangent to for any 
z e A. 

Proof. Fix ^ > and take ei > in Proposition 12.41 For z G A, z' G T4^™(z), and 
t > 0, let a(z, z', t) be the angle between T^-t^^,f-\W^^{z)) and E'^ir-^z')). By 
the domination property of the PA splitting, there exist C > and A > 1 such 
that a{z,z',t) > CA'q;(z, z', 0). On the other hand, the continuity of the family 
{VF™(z)}2gM and the proposition implies that a is bounded as a function of z,z' 
and t. Hence, we have a(z, z', 0) = for any z and z'. □ 
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Lemma 2.6. There exists A2 G (0, Ai/2) which satisfies the following property: 
If an (-E", 1) -transversal I is contained in D/\^{z) for some z S M and satisfies 
r^\dl) C Di^^{<^-\z)) for any t > 0, then it is a {Ai / 2, E"") -interval. 

Proof. Since TM = E^-\-E^ is a, PA splitting, there exists a > such that if / is an 
(-E", l)-transversal and r~*{I) is weU-defined for some z G M and t > 0, then r~*{I) 
is an a)-transversal. By the uniform transversaUty of (i?", Q;)-transversals to 
E", we can take S G (0, Ai/2) and P > 1 such that |J| < /3 • diam(9/) for any 
z G M and any a)-transversal with J C Ds{z). Put A2 = 5/4/3. We remark 
that A2 < (5/4 < Ai/8. 

Let / be an (£'", l)-transversal contained in 0^2(2) for some z G M such that 
r~*-{dl) C D {z)) for any t > 0. It is sufficient to show that 

to = sup{ti > I r-\l) C Ds{'^-\z)),\r-\l)\ < S for any t G [0,ii]} 

is infinite. Suppose that to is a finite number. Since r^^(I) is an (i?", Q!)-transversal 
and r-*(9/) C Da2($"*(z)) for < < < io, we have 

(1) \r~^°{I)\ < P ■ diam(r-*°(5/)) < 2/3A2 = 5/2. 

It imphes \rl{I)\ < S for any t sufficiently close to to. By the inclusion r^*°{dl) C 
Da2{^~*'^ i^)) again, the inequality ^ implies 

(2) r-*" (/) C D^s/2)+A2 (z)) C Z?(3/4)^ {z)). 

Hence, r~*{I) C Ds{^^'^{z)) for any t sufficiently close to to. It contradicts the 
choice of to- D 

Proposition 2.7. There exists £2 > such that 

f]ri{D,{^-\z)))cWr{z) 
t>o 

for any z G A and < e < £2 • 

Proof. Let £1 > be the constant obtained by applying Proposition [2T4] for 6 — A2. 
By the uniform transversality of (Ai, i?*)-interval to E'^, we can take a constant 
£2 G (0, £1) which satisfies the following property: For any z G A and z' G 
A2 {z)\W^^{z), there exists an {E", l)-transversal J in (z) and zj G JnW^™(z) 
such that dJ — {z', zj}. 

Suppose that the proposition does not hold. Then, there exists z G A and 
z' e ni>o^i(^e2(*~*(^))) \ W^^{z). Take an {E", l)-transversal J in DA^iz) and 
zj G J n W^™(z) such that dJ ~ {z\zj}. Since both rj*(z') and r^*{zj) are 
contained in _Da2 f^'' t > 0, J is an (Ai/2, i?")-interval by Lemma [2?6l 

Hence, we have 

r-*{J) C i?(A,/2)+A.(<I'-*W) C i?A,($-*W). 

By Lemma [2. 3[ the set S = Ut>o^^*("^) intersects with fij UPer?.j.($). However, 
S is contained in the A 1 -neighborhood of A. It contradicts the choice of Ai. □ 

We define a family {V" {z)} ^eA of subsets of M by 

T/"(z) = U u ^\wriz')). 

t>0z'GO(z) 
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It is a continuous family of open immersed surfaces tangent to i?" by Corollary 
12.51 By Proposition 12.41 V"{z) does not depend on the choice of sufficiently small 
e > 0. It is easy to see that 

• y"(zo) is diffeomorphic to S*^ x R for any periodic point zq € A, and 

• n V"{z2) ^ for zi, Z2 e A implies F"(zi) = V''{z2). 

Similar to {Wp''{z)}zeA, we can take a family {Wg'^ {z)} zt^A of (i?", l)-transversals. 
We define a family {V''{z)}zeA by 

v%z) = \j u <i>-\wriz')) 

t>0z'eO{z) 

for any small e > 0. It has analogous properties to {V^{z)}z£A- 

For ^-invariant compact subsets Ai and A2 of A, we write Ai ^ A2 if Ty*(Ai) n 

W{A2) 0. 

Proposition 2.8. Suppose that A is locally maximal, i.e., there exists a neighbor- 
hood U of A such that A = PlteR Then, 

• W'^(A) = UeAnn(*)^^W: 

• there exists a decomposition A n ^{^) ~ ljj=i ^^^"^ mutually disjoint 
topologically transitive compact invariant subsets, and 

• ^ is a partial order on {Ai, • • - Am}. 

Proof. By Propositions 12.41 and 12. 7i A has the shadowing property (see e.g. [28]). 
We can show the required properties by the same argument as the case of locally 
maximal hyperbolic sets. □ 

The partially ordered set ({Ai, • • • , Am}, <) is called the spectral decomposition 

of Anf}($). 

We say a point z of a topological space X is accessible from a subset A oi X \i 
there exists a continuous map I : [0, IJ^AT such that 1{1) — z and l{t) E A for any 
t e [0,1). 

Lemma 2.9. Let A' be a topologically transitive compact invariant subset of A 
suchthatW''{A')r\W''{A')^A'. If z € A' is accessible from V'{z)\A' , thenV{z) 
contains a periodic point G A' which is accessible from V'^{z^)\A' . Similarly, if 
z G A' is accessible from V^{z)\A' , then y (z) contains a periodic orbit z* which 
is accessible from y"(z*)\A'. 

Proof. The same argument as the proof of Proposition 1 of ^22J shows that y"(z) 
contains a periodic point z* . Since the a-limit set of z coincides with the orbit of z^ , 
the invariance of A' implies that z^, S A'. By the accessibility of z from V^{z)\A', 
there exists a curve / C V(z) transverse to such that / n A' = {z}. Suppose 
that z* is not accessible from y (z*)\A'. By the continuity of V'"{z') with respect 
to z' e A there exists zi G A' n V^"(z*) such that V"{zi) n (A{^}) 0- Since 
WiA') n M^"(A') = A' and Viz') C 14^'" (A') for any z' e A' and cr = s, w, we have 
/ny"(zi) C A'. However, it contradicts the choice of /. Therefore, z* is accessible 
from y"(z*)\A'. 

We obtain the latter from the former by reversing the time. □ 

2.2. Dichotomy under regularity of periodic orbits. The aim of this subsec- 
tion is to show Proposition 12.11 under some additional assumptions. 
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Proposition 2.10. Let ^ be a C'^ PA flow and TM = E'^ + E'"' be its PA splitting. 
Suppose that Periri (*i>) C 51* and E" generates a foliation. Then, either 

(1) = Perin-(<I>) = and $ is topologically transitive, or 

(2) M = wini) u rj^f = w^"(r2:f) u ni. 

Remark that we do not assume the C^-regularity of i?". 

Put nh = M\{W"{ni) u w'in^)). 

Lemma 2.11. flh is a locally maximal closed invariant set. 

Proof. Since il* is normally repelling, there exists a compact neighborhood of 
ni such that C XMoranyt > 0, floo = and Ut>o**(-^'') = 

Similarly, there exists a compact neighborhood of fi" such that 
^\K") C if" for any t > 0, f]^^^^\K'') = and Ut>o*"'(^") = 
Then, C/ = M\{K'' U X'') is a neighborhood of such that fltgR = ^^h- □ 

It is easy to see that a{z) U lu[z) C ilj U fi" U ilh for any z G Af. Since fi" is 
normally attracting and fij is normally repelling, we have 

M = Wi^h) u Wivii) u f^: = u ^^"(17:) u ni. 

We assume f2/i ^ and show that M = U,h and $ is topologically transitive. It 
implies that SI" = f^J = 0, and hence, Perirr(^) = by the assumption. 

By Q{z), we denote the leaf of a foliation Q that contains a point z. Let T'' be 
the foliation generated by E" . 

Lemma 2.12. T'^iz) = Viz) for any z eQh- 

Proof. Since ^{z') is tangent to E^ for any z' G^h, it is a connected open subset 
of T^iz'). Since T''{z) C M\r2^ = W'iQh) U W"(f}:f), we have a decomposition 

of .^-'''(z) into mutually disjoint open subsets. It implies that V^{z) coincides with 

By Proposition l2.8l and Lemma r2.11i the invariant set ^lh<^^{^) admits a spectral 
decomposition ({Ai, • ■ • , Am}, ^). Take a maximal element A+ with respect to ^. 
By the same argument as the hyperbolic case, we have Vl^^(A+) niy"(A+) C Sll"!"). 
The maximality implies that IF"(A+) C A+UW"{ni). Since iy"(A+) niy"(f7^) = 
0, we have 1¥"(A+) n VF"(A+) = A+. 

Recall that a subset A of M is called a saturated set of JT' if JF*(z) C A for any 

z e A. 

Lemma 2.13. A+ is a closed saturated set of . 

Proof. We will show M^*(A-|_) C A+. It completes the proof of the lemma since 
T^{z) = Viz) C W(A+) for any z e A+. 

Suppose that W^{h+) (f. A-|_. Then, there exists e A+ which is accessible 
from y'*(z*)\A+. Since W'{!^+) n M^"(A+) = A+, we can apply Lemma [lH to 
A_|-. Hence, we may assume that z* is a periodic point. Accessibility implies that 
a connected component L of y (z*)\C'(z*) is a subset of (A-|_)\A+, and hence, 
is contained in W^"(r2^). 
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Take a simple closed curve 7 C i which is homotopic to 0(2*) in Since 
z* is a u-regular periodic point, the holonomy of along 7 is non-trivial. 

Since (T) is a connected open subset of M for any torus T in 17^ , there exists a 
torus in such that L C W^"(r,). Take an embedding -0 : x [-1, \\-^W{T^) 
such that 7/'(T'^ x 0) = and -(/^(T^ x { — 1, 1}) is transverse to the flow. There exists 
f > such that ^'"*(7) C x (-1, !))• Let be the restriction of T to Im V- 

Since is the unique compact leaf oi & classification theorem of foliation 
on X [0, 1] due to Moussu and Roussarie [3T] implies that is the only leaf 
of Q that has non-trivial holonomy. It contradicts that the holonomy of along 
i>~*(7) is non-trivial but $^*(7) is not contained in T*. □ 

Recall that a leaf of a codimension-one foliation is called semi-proper when it 
accumulates to itself from at most one side. We also say a leaf is proper when it 
does not accumulate to itself from either sides. 

Lemma 2.14. LetQ be aC^ codimension-one foliation of a closed three-dimensional 
manifold. Then, any semi-proper leaf of Q diffeomorphic to xM. is proper and 
it has trivial holonomy. 

Proof. Let L be a leaf of Q which is diffeomorphic to x R. 

By the level theory of Cantwell and Conlon |8j, L is either proper or contained 
in an exceptional local minimal set. Duminy's theorem [10] implies that the end 
set of a semi-proper leaf in an exceptional local minimal set must be a Cantor set. 
Since the end set of L consists of two points, the leaf L is proper. By a stability 
theorem of proper leaves with finite ends due to Cantwell and Conlon [9 , Theorem 
1], L has trivial holonomy. □ 

Now, we prove Proposition l2.10l Let $ be a PA flow satisfying the assumptions 
of the proposition. Then, is a foliation and all periodic points in fi/j are 
tt-regular. Suppose that the proposition does not hold. Let A+ be the maximal 
set in the spectral decomposition of Q.h n f^(<&). By Lemma [2.131 it is a closed 
saturated set of J-^ . Since the restriction of <!> to A_|_ is topologically transitive, the 
assumption implies A_|_ ^ M . In particular, contains a semi-proper leaf L of . 
By Lemma 12.91 L contains a periodic point q in , and hence, it is diffeomorphic 
to 5""^ x R. Lemma 12.141 implies that the holonomy of J-^ along the orbit of q is 
trivial. In particular, (7 is a u-irregular periodic point. However, it contradicts that 
all periodic points in are u-regular. 

2.3. Local dynamics at periodic points. Let $ be a PA flow with a PA 
splitting TAI = + i?" . In this subsection, we suppose that and i?" generate 
foliations JT" and JF", respectively. Remark that fiC is a union of closed leaves 
of J-'' for p ~ s. u. 

The main aim of this subsection is to show the following proposition, which 
completes the proof of Proposition 12. II bv combining with Proposition l2.10l 

Proposition 2.15. Per,"„.($) C VLl and Perf„($) C VLl. 

Fix a family {0^ : [—1, IJ^^Mj^gM of local cross sections so that <f)z{Q, 0) = 
z, 1,1] X y) is tangent to i?", and (j)z{x x [—1,1]) is tangent to i?" for any 

(x, y) G [—1, 1]^. Let {r* } be the family of local returns associated to {(j)z}zGM- 
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Recall that Ds{z) be the (5-ball in Im 02 centered at z. Let A > be the constant 
obtained in Lemma [2T3l For < (5 < A, put 

I|{z)^Ds{z)C^cl>,{[^l^]xQ), 

= i?5(2)n 0,(0 X [-1,1]). 

By replacing A with a smaller one, we may assume that Ig{z) and Ig{z) are intervals 
for any z e M and < (5 < A. 

Lemma 2.16. Suppose that sequences [zn G M)„>i, ((5„ > 0)„>i, and [tn > 0)„>i 
satisfy the following properties: 

• lim„^oo (5n = 0. 

• r\^{Ig {zn)) is well-defined for any n > 1 and < t < tn- 

• limsup„^^ \rl"JIsJzn))\ > 0. 

Then, any accumulation point o/{z„}„>i is contained in Perj'j.j.($) U Ql- 

Proof. Take an accumulation point of (z„)„>i. By taking subsequences if it is 
necessary, we may assume that z„ converges to z^, $*"(z„) converges to a point 
Zoo, and rl'^{Ig^{zn)) converges to an interval I^o C /^(zqc). Remark that i„ goes 
to infinity. In fact, \r'^^(Ig (z„))| converges to zero for any given T > since 5n 
goes to zero. 

The interval /qo is a (A, i?")-interval, By Lemma I^THl there exists z' e Int /qo 
such that its a-limit set a(z') is a periodic orbit in Per? or an embedded torus in 
ri*. In each case, N^~*\e^/t<s> is uniformly contracting on q;(z'). Hence, there exists 
a compact neighborhood V of z' in !F'^{z') such that nt>o Ut'>t {V) = 
For any sufficiently large n > 1, the interval r^^ll^ (zn)) contains a point z^ of 
V^. Then, z* = lim„^oo(''*" is contained in a(z'). Hence, z, is contained in 

Perf,,($) or " □ 

Lemma 2.17. Let zq be an s -regular periodic point. Then, the following holds: 

• There exists S > andr : W'{0{zo))->M. such that II {^^^""Xz)) C WiOizo)) 
for any z e M^*(C'(zo)). 

• For any z G W^Oizo)), T^z) n W'{0{zq)) is an open subset of T'{z) 
with respect to the leafwise topology. 

• If A is any open annulus such that ©(zq) C A C J-'^{za) n W'^{0{zq)), then 
lJj>Q <I>^*(yl) is a connected component of J^^{0{zq)) fl M^''(C'(zo)). 

Proof. Let T be the period of zq. There exists a closed interval / C [—1,1] 
and maps f,g : /— *[— 1,1] such that € /(/) C Int /, o (j)zg{x,y) — 
(t>zo{f{x),g{y)), and n„>o/"a) = {0}. Put A" - n„>o5-"(/) and AJf = {y G 
A" I lim„_^oo5"(y) = 0}. For any {x,y) G Int / x A", we have r^J o 4>^^{x,y) = 
4'za{f"'{x),9"'{y))- By the compactness of A", there exists S > such that 

(3) y)) C (Int I xy) 

for any {x,y) G /(/) x A". 

If (a;, y) G Int / x Aq, then (/"(x), g^{y)) converges to (0, 0) as n goes to infinity. 
For any z G W''^{0{zq)), its positive orbit {<I>*(z) | t > 0} intersects with (j)za{f{I) x 
Ag). Hence, we have 

iy^(0(zo)) - U ° <^-"(/(^) >^ ^o) = U ° <^-"(Int ^ ^ ^o)- 

t>0 t>0 
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It completes the proof of the first assertion of the lemma with the inclusion ([3]). 
The second assertion is an immediate consequence of the first. 
Put 

Vi = |J$-*o0,„(Int/xO), 

^2 = U*"*°<^-o(Int/x(AJf\{0})). 
t>o 

Since /(J) C Int /, g(0) = 0, and 3(A;j\{0}) C AJJ\{0}, the set T'{zQ)nW'{0{zo)) 
is a disjoint union of its open subsets Vi and V2 C\T''{zo). Hence, Vi is a connected 
component of JF*(zo) fl W^{0{zq)). Let A be the annulus in the third assertion of 
the lemma. Then, (j>zg{f"^{I)) C A for some large m>l. It implies 

= U $-* o <^,„ (/"(/) X 0) C U <f-*(A) C V,. 

t>0 t>Q 

□ 

Lemma 2.18. Let zq and z\ he periodic points of^. 

(1) If Zq is s -regular and zi is accessible from a connected component V of 
W^{0{z())) njr'*(zi). then T'^{zq) — T^{zi), the orbits of zq and zi are 
homotopic in J-'^(zo) as unoriented curves, and V contains 0{zq). 

(2) If Zq attracting and Zi is accessible from W'^{0{zq))C\J-^{zi), thenJ-"{zo) — 
J-"{zi) and the orbits of zq and Zi are homotopic in J-"{zo) as unoriented 
curves. 

Proof. First, we show the former assertion of the lemma. Suppose that zq is s- 
regular. Let T be the period of zq. There exists a closed interval / and maps 
: such that G Int / C /(/), n„>o/"(^) = {0}, 0.„(/ x /) n 

O{zo) = {zq}, and rf^ o (j)^„{x,y) = <j>^„{f{x),g{y)) for any {x,y) e I x I. Put 

U = UtLo ^ ^) ^^"^ ^'^^ Q{y) t'e the connected component of !F^{(j}za (0, y)) CiU 
which contains (f>zg{0,y). Then, we can see the following properties of G and U: 

• Q{y) is not contractible if and only if g{y) — y. 

• If z = <i>zo{Xi V) is a point of {0{zq)) and $*(z) G U for any t > 0, then 
g"{y) converges to as n tends to infinity. 

Suppose that a periodic point zi is accessible from a connected component V 
of T^{zi) n iy(0(zo))- Then, there exists a simple closed curve 7 in y which 
is homotopic to 0{zi). By the Poincare-Bendixon theorem, 0{zi) and 7 are not 
nuU-homotopic in T^{zi). We can take ii > such that $*(7) C U for any t > ti. 
It imphes that <i>*i(7) C G{y) for some y E n,i>o5 "(-^) ^^^^ lini„^oo = 0. 

Since the closed curve $*i(7) is not nuU-homotopic in Q{y) C J-^{zi), we have 
y = 0. Hence, $*i(7) is homotopic to 0(2:0) in ^'^{zq) as an unoriented curve and 
the set V intersects the connected component oi T'^ {zo)nW^ {0(zq)) which contains 
O{zo). Therefore, we have J-^{zi) = y^''{zo), 0{zq) and 0{zi) are homotopic in 
^"{zo) as unoriented curves, and 0{zq) C V. 

Next, we show the latter assertion of the lemma. Suppose that zq is attracting. 
Let T be the period of zq. There exists a closed interval / and maps : 
/'^[-l, 1] such that e Int /' C nn>o5"(^') = i^ tl^e unique fixed 

point of fi\i', (j)zoiI X /') n O{zo) = {^o}, and r^^ o (j)zo{x,y) = (t>zo{fi{x), gi{y)) 
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for any {x,y) G /' x /'. Put U' = Utlo''io(^ ^ ^) ^^^^ be the connected 

component of J^^{(l)zg{x,0)) n ?7' which contains (j)za{x,0). Then, we can see the 
foUowing properties of G' and U': 

• G'{x) is not contractible if and only if x = 0. 

• If z = (pzoix, y) is a point of ^{OizQ)) and <I>*(z) e [/' for any t > 0, then 
fi{x) converges to as n tends to infinity. 

Now, the same argument as above, where we replace g, G, and J^'^ with /i, G' and 
T^, respectively, shows the latter assertion of the lemma. □ 

Lemma 2.19. The following holds for any s-regular periodic point zq: 

(1) T'{z) C W-'{0{zo)) for any z e VK^(0(zo))\^^(zo). 

(2) T^izo) nWiOizo)) is homeomorphic to x R. 

(3) IfJ-^{zQ) <f_ 'W^{0{zq)), then T^(zq) contains an s -irregular periodic point 
such that the orbits of zq and z\ are homotopic as unoriented closed curves 
in T^{zq). 

Proof. Since zg is s-regular, there exists an embedded closed annulus Aq C J^'*(zo) 
such that 4'*(Ao) C Int Aq for any t > Q and nt>o^*(^o) = 0{za). Put Va = 
lJj~^Q $~*(Ao). It is diffeomorphic to S*^ x R and is a connected component of 
W^{0{zq)) n T'izo) by the third item of Lemma [2371 

Fix a leaf L of and a connected component V oi Lr\ VF'*(0(zo)). We suppose 
that V L and show V — Vq. Take zi e L\y which is accessible from V . There 
exist sequences (z^ £ V)n>i and ((5„ > 0)„>i such that zi G Ig^{z'„) for any n > 1 
and Sn converges to zero. By Lemma [2.171 we can choose S > and (T„ > 0)„>i 
such that /|(4>'^"(2;)) C W{0{zo)) for any n > 1. Since 0{zi) n ^^"(©(zo)) = 0, 
there exists a sequence (t„ G (0,T„))„>i such that r*, (/|^(z^)) is well-defined for 
any t G [0, t„] and |r*7 (J|_^ (z^))! = 6. By Lemma[2T6l zi is a point of Perf„($)Ul7^. 
Since .^"(21) contains a periodic point zi and some non-periodic points in we 
have J-''{zi) ^ f2^. Therefore, zi is an s-irregular periodic point. Since zi is 
accessible from V C W''{0{zo)), we can apply the former part of Lemma [2.181 It 
implies that J-''{zi) — J-^{zo), V — Vq, and the orbits of zq and zi are homotopic 
as unoriented closed curves in J- '^{zo). □ 

Lemma 2.20. Perj'j,j.((f>) n J^*(z) is a closed subset of J^^{z) for any z G M . Simi- 
larly, Per[J.j.($) n J-"^{z) is a closed subset of J-^{z) for any z G M . 

Proof. We show the former assertion. The proof of the latter is similar. 

Suppose that a sequence (z„)„>i in J^''(z)nPer? ^($) converges to z* with respect 
to the leafwise topology of J-^{z). By replacing z„ in its orbit, we may assume that 
there exists a sequence (5n > 0)„>i such that lim„_^oo = and /| (z„) contains 
z* for any n > 1. Let r„ be the period of z„ and A > be a constant such that 
Da{z) C Im (pz for any z G M. 

First, we suppose that there exists uq > 1 such that |r*^ (/| (z„q))| < A for 

any t G [0,r„(,]. Then, rz^° {II^^{zno)) is well-defined. Since z* is a limit point of 
the sequence (z„)„>i of periodic points with respect to the leafwise topology, we 

can choose a sequence (•2^^)n>i of periodic points of $ sucli that liniyj_^oo — ^* 

~ T T 

and G (-2^no) for any n. Since rz^^^izn^) = ^^no ^i^d ^^^o orientation 
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preserving homeomorphism on an interval, we have rz"° (z^) — z'^ for any n. It 

T 

implies that r^"" (z*) = z». Therefore, is an s-irregular periodic point of $. 

Now, it is sufhcient to consider the case that there exists a sequence (i„ G 
[0,T„])„>i such that |r*J/|Jz„))| < A for any t e [0,i„] and |ri"J/|Jz„))| = A. 
By Lemma [^.16[ 2* = Hm„^oo z„ is a point of Per*j,(<i>)ur2^. If z* S Sl^, then JF*(z*) 
is an embedded torus contained in Perfj.j.($) since {z„} C Per?.j.(<I>) n jr*(z*). □ 

Lemma 2.21. For any Zq G Per;"j.($), the leaf J-''(zq) is proper, has trivial holo- 
nomy, and is contained in W'^{0{zq)). 

Proof. The periodic point zq is s-regular. Hence, there exists a closed annulus A'' 
in T'{zo)nW''{0{zo)) such that <^\A') C Int A' for any i > and floo $*(^") = 
O(zo). Put y = Ut>o*~*(^'')- Lemmas [237] and [m] imply that J^''(zo) n 
T4^^(0(zo)) and J^^Cz) C W^{0{zo)) for any z e W'iOizo))\V. Since zo is u- 
irregular, there exists a closed annulus Aq in JF"(2o) such that O{zo) C (3Ag, 
vljf n A" = O(zo), and C A^ for any t > 0. It is easy to see that V n A'^ = 

Oizo). 

First, we show V = J^*(zo). Suppose that it does not hold. By Lemma [2.191 
J-''{zo) contains an s-irregular periodic point zi such that the orbits of zq and zi are 
homotopic as unoriented closed curves in JF''(zo). For i = 0,1, let Ti be the period 
of Zj. Put A" = and Xf = HZ?*!)^' |£=(z.) || . Since Zq is u-irregular, zi 

is s-irregular, and TM — E'^ + is a dominated splitting, we have 

(4) K<K<^<K< K- 

Since A" is the absolute value of the linear holonomy of J^^ along the orbit of Zj for 
each i and the orbits of zq and zi are homotopic in J-''{zq) as unoriented curves in 
jF*(zo), we have Ag = (A")*^. Hence, the inequality ^ implies 

(5) AS = (A^-^ < 1. 

In particular, O{zo) is an attracting periodic orbit. Since M^''(0(zo)) is an open 
subset of M, there exists a closed annulus A" C .F"(zi) such that 0{zi) C dAi 
and T'{z) intersects with {A^\0{zo)) n W(0(zo)) for any z e A5'\0(zi). Now, 
we recall that VnA^ = O(zo) and J^^z) C iy"(0(zo)) for any z e Ty''(0(zo))\y. 
They imply that Ai\0{zi) is contained in W {O{zo)). In particular, zi is accessible 
from J«^"(zi) n l^"(0(zo)). By Lemma EHH we have J=""(zi) = T"{zo) and the 
orbits of Zq and zi are homotopic in J-"(zq) as unoriented closed curves. Since Af 
is the absolute value of the linear holonomy of J^" along the orbit of Zi, we have 
Ag = (A^)*^. Hence, the inequality ([4]) implies 

AS -(AD"'- 

However, it contradicts with the inequalities ([4]) and ([5]). Therefore, we have V = 

Since V (1 Aq = O{zo), the leaf J-'^izo) = V is semi-proper. By Lemma [2.141 
J-"*(zo) is a proper leaf with trivial holonomy. □ 

Now, we prove Proposition l2.15l We claim that Per;J,^($) C O". Once it is done, 
we can show that Per?.j.(<i>) C fll by applying the claim to the time-reverse of 

Take a leaf L" of JT" which intersects with Per[;.,($). By Lemmas |220] and |22T1 
Per[J.j.(<i>) nL" is a closed and open subset of L". Hence, L" is a subset of Perj"^($). 
It is sufficient to show that L" is a closed leaf. If it is not, then there exists a 
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transversal J of such that J is contained in a leaf of and J n L" is not a 
relatively compact subset of L". Take a point G n J. By Lemma [2. 211 C 
is contained in 1/1^^(0(2*)). Since L" C Per($), it implies that L" n J is contained 
in ©(z*). However, it contradicts that L" fl J is not a relatively compact subset of 

3. TOPOLOGICALLY TRANSITIVE REGULAR PA FLOWS 

The aim of this section is the following proposition, which completes the proof 
of the main theorem by combining with Propositions 12.11 and 12.21 

Proposition 3.1. If aC^ topologically transitive PA flow on a closed three-dimensional 
manifold admits a PA splitting, then it is an Anosov flow. 

When the PA flow <i> admits a global cross section, the proof of Proposition 
13.11 is reduced to an observation that the distortion of a holonomy map of a one- 
dimensional foliation on a surface can be estimated by the area of rectangle sweeped 
out by the holonomy. We refer the reader to [4j for the detail. If a PA flow admits 
invariant one-dimensional subbundles of E'^ and E"^ which are transverse to the 
flow, then we can apply the proof in with a small modiflcation. However, a 
PA flow admits no invariant one-dimensional subbundles transverse to the flow in 
general. This is the main technical difflculty in the proof. 

The structure of the section is as follows: In Subsections 13.11 and 13. 2( we show 
the (possibly non-uniform) contraction along the direction transverse to E" by 
the standard argument using a Markov partition and a theorem due to Mane. In 
Subsection l3.3[ in order to overcome the above technical difficulty, we show that the 
diameter of is uniformly bounded for any small disk tangent to E^ and 

t > after we replace the original flow <I> by a suitable time-change. This condition 
makes us enable to apply the method in fl|. It is done in Subsection 13.41 

3.1. One-dimensional topological Markov maps. In this section, we prove 
some results about piecewise Markov maps on a flnite union of compact intervals, 
which we use later. 

Let be a finite union of compact intervals in M and A:„ be a finite subset 
of Int I^,. We say a map F : I^^I^ is a pre-Markov map with the set of 
discontinuity if -^(A:,,) C i9/*, -F(/*\A») = and for each connected component 
J of /*\A*, there exists a connected component / of /* such that F\j extends to a 
C2 diffeoniorphism from J to /. Put = h\ U^,^o ^""'(^*) and = n„>o I*- 
For X e and n > 0, let /"(a;) be the connected component of J" that contains 
X. Then, the restriction of F™ to I"{x) extends to a diffeomorphism onto 
/:'-'"(i^™(a;)) for any a; £ I^' and n > to > 0. 

For n > 1, let Per„(F) be the set of all periodic points of period n. Since 
F(A, U dh) C dh and dh n A* = 0, the set Per„(F) is a subset of for any 
71 > 1. 

We say a pre-Markov map is a topologically Markov map if Cl^yi Il^{x) 
consists of exactly one point for any x e I^. 

Lemma 3.2. Let F be a topologically Markov map on /». Then, Per„(i^) is 
finite for any n>l and any periodic point x G Per„(i^) satisfies \DF''^{x)\ > 1. 
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Proof. It is an immediate consequence of the equations nfe>o -^^"(^) — {^} ^^"^ 

for any x G Per„(i^). □ 

Recah the definition and some properties of the distortion of a one-dimensional 
map. For a map h : I^I' between intervals / and /', we define the distortion 
dist(/i, /) by 

dist(/i,/)= sup {\og\Dh{x)\ -\og\Dh{y)\) . 

It is easy to verify 

n 

(6) dist(ft,„ o ■ ■ ■ o ho,I) < ^ dist(/im, hm^i o • • • o ho{I)). 

m=0 

By the Mean Value Theorem for h and log \ Dh\, we also have 

\Hi)\ 



(7) dist(ft,,/) > sup 



log|m(x)| - log- 



(8) dist(/i,/) < |/| •sup|D(log|£i/i|)(x)|. 

xei 

Let Per*(_F') be the set of non- hyperbolic periodic points. The following propo- 
sition is a variant of Mane's theorem(jl7l). 

Proposition 3.3. Let F be a topologically Markov map on and A* be the 

set of discontinuity of F. Then, 

(9) lim (inf{|7:>F"(a;)| | x £ Per„(i^)}) = oo 

n — >QO 

and Per,<(i^) consists of only finitely many points. Moreover, for any given neigh- 
borhood U o/Per*(i^), 

(10) lim (inf{|i:>i^"(a;)| | x G I"\F-"{U)}) = +oo. 

n — >oo 

Proof. The equation ([S]) is a consequence of Theorem 5.1 of [16 , which is a version 
of Mane's theorem for piecewise maps. By Lemma |3^ it implies the finiteness 
of non-hyperbolic periodic points. 

Since /" consists of finitely many connected components for any n and nTi>o ~ 
{x} for any x g , there exist sequences {Kn)'^^Q and {K'^)^^q such that lim„^oo Kn 
lim„^oc and < |/"(a;)| < K'„ for any n > and x G l^. 

Fix a neighborhood U of Per* (F) . By the finiteness of Per, (F) , there exists N > 
1 such that If (a;,) C U for any e Per,(F). Remark that I^{x) nPer,(i^) = 
if X ^ [/. Put 

ci = m-sup{\D{log\DF\)\{x) I X e IM*}, 
C2 = inf{|L>F(a;)| | x £ h\A^}. 

We say that an interval J C /* is (A, m)-compatible for A > 1 and m > 1 if J C /™ 
and J27Lq \P^iJ)\ < A^l-^*l- "^^^ properties of distortion imply 

inf \DF"'{x)\ > ■ 

xGj' \J\ 

for any (A, m)-compatiblc interval J. 
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By the argument in Section III. 5 of [20], it can be shown that there exists A > 1 
and no > 1 such that /"^^(x) is a (A, n — no)-compatible interval if x £ /"^^ 
satisfies I^{F"{x)) nPer,(F) = 0. It imphes that 

\DF"{x)\ > |j^f"o(f»-«o(^))|.e-^ l * J^^^ W^l 



> 



1^* (2^)1 

K' 



for any n > 1 and xeh with (i^"(a;)) n Per^i^) = 0. Since lim^^oo = 0, it 
completes the proof. □ 

3.2. Markov partitions. Fix a closed three-dimensional Riemannian manifold 
M. Let {{<t>k,Tk)}™^i be a family of pairs of a continuous embedding of [0,1]^ 
into M and a continuous positive- valued function on [0, 1]^ such that the map 
(w,t) o (j)k{w) is an embedding of {{w,t) \ w G [0,1]^, t G [0, rfc(u')]} into 

M for each k. We define a family {4''k}k=i '^^ embeddings of [0, 1]^ into M by 
(j)'^{w) = $^'=('")o0fc(w). Put Rk = Im 0fc, R'^ = Im 0'^, and Pk = {^'o(j)k{w) \ w G 
[0,l]2,tG [0,rH]}. 

We say the family {{(f>k,Tk)} determines a Markov partition {Pk}™=i associated 
to a flow $ if it satisfies the following properties: 

(1) (f>k{[0, 1] X y) and <j)k{x x [0, 1]) are intervals tangent to E'' and i?" respec- 



tively, for any {x, y) G [0, 1]^ and fc = 1, 



, TO. 



(2) M = ur=i^fc- 

(3) For each pair (fc, Z), d{Pk nP;) = n9P; and there exist subintervals Ik,i 
and Jk,i of [0, 1], which may be empty sets, such that 

i?',. f\Ri^ 0'fe([0, 1] X h^i) = (bi{Jk,i X [0, 1]). 

Remark that {Int Ik,i'}]/^=i and {Int Jk',i}k'=i are partition of [0,1] up to finite 
set for any fixed {k,l). Put /, = [0,1] x {l,...,m}. The family {(</>/c, uOlfcLi 
induces a piecewise continuous map F : I^^I^, by F(y, fc) = (?/', I) if 4>i{Jk,i x y') — 
(/)Jj,([0, 1] x y). We call the map F the reduced return map. 
We say a PA flow $ is i?"* -fine if 

(1) both ri, and Perirr($) are empty, and 

(2) $ admits a PA splitting TM = + E" such that E" is a subbundle. 
Remark that <I> is topologically transitive by Proposition 12. 101 

Lemma 3.4. Let $ be a E'^ -fine PA /?ow. for any given e > 0, $ admits 
a Markov partition {P/c}fcLi smc/i i/iai the reduced return map is a topological 
Markov map and the diameter of each Pi is smaller than e. 

Proof. As we see in Section[2l the flow $ has the shadowing property on M. Hence, 
we can obtain a Markov partition {Pk}kLi associated with $ such that the diameter 
of each Pk is smaller than a given constant e > by the same argument as the 
hyperbolic case (see e.g. [27j for the hyperbolic case). By the C^-regularity of 
E^, we can choose {(pk} so that -Ky o is of class C^, where 'Ky{x,y) = y. It 
implies that P is a piecewise map. It is easy to check that F is a pre-Markov 
map with the set of discontinuity (^Uri=i ^-^fc,;) \dl*- By Proposition 12.41 P is a 
topologically Markov map. □ 



REGULAR PROJECTIVELY ANOSOV FLOWS ON THREE-DIMENSIONAL MANIFOLDS 19 

For a — s,u, let PerJ(<i>) be the set of periodic point 2* such that ||-/V$** /t$)(z.) II = 
1, where t„ is the period of z„. The following is an immediate consequence of the 
above lemma and Proposition 13. 31 

Proposition 3.5. // a PA flow $ is E'' -fine, Per"($) consists of finitely 
many orbits. Moreover, for any given neighborhood U of Per"(<i>), there exists 
T = T{U) > such that 

snp{\\N^~\E./T<,)iz)\\ \ t>T,zeM\U} < i. 

Corollary 3.6. // a PA flow $ is -fine and Per"(<i>) is empty, then there 
exists C > and A > 1 such that \\N'^^*\e^ /t^(z)\\ < CA"* for any z £ M and 
t > 0. 

3.3. Non-expansion property. Let Af be a closed three-dimensional Riemannian 
manifold and <i> be a E'^-tinc PA flow. As we saw in Subsection 12. H there exists 
a family {V" {z)} zeM of immersed submanifolds of AI which are tangent to i?". 
For z € M and S > 0, let B{z,6) be the closed (5-ball centered at 2 and D'"(z,6) 
the connected component of V"{z) fl B{z, d) that contains z. By the definition of 
^"(2), we can see that 

• T/"($*(2)) = $*(y"(2)) for any 2 e M and t € M, 

• D'^{z,6) is a embedded disk which varies continuously with respect to 
2 if (5 is sufficiently small. 

We say that <i> is u-hounded if there exists a positive- valued function (5 on M such 
that 

$-*(i?«(z,5(e)))cD«(a>-*(2),e) 
for any 2 G M, i > 0, and e > 0. Similarly we can define a disk D'^{z, S) which 
is tangent to i?" for any 2 G M and any sufficiently small (5 > 0. We say that <i> is 
s-bounded if there exists a positive-valued function 6' on R such that 

^'{D^{z,5'{e)))cD%<^'{z),e) 

for any 2 € AI, t > 0, and e > 0. 

If E" admits a continuous I?<I>- invariant splitting i?" = T$ © i?"" , then we can 
show $ is u-bounded by Proposition 12.41 However, a PA flow is not w-bounded in 
general. In fact, if there exists a $ invariant embedded annulus tangent to i?" on 
which <I>* is conjugate to the map {x, y) > -I- (1 + y)t, y) on 5*^ x [0, 1], then $ is 
not u-bounded. 

We say that <& admits a local invariant foliation Q transverse to a compact $- 
invariant set A if Q is a. two dimensional foliation on an open neighborhood t/» 
of A which is transverse to the orbits of $ and satisfies D^*{TQ{z)) = TQ{^{z)) 
for any t > and 2 e rit'efo t] * (U*)- Remark that a suitable time change of <& 
admits a local invariant foliation transverse to Per"($) if Per"(<I>) consists of finite 
number of orbits. 

The aim of this subsection is to show the u-boundedness of ^ under a mild 
assumption. 

Proposition 3.7. // a E^-fine PA flow $ admits a local invariant foliation 
transverse to Per"($), then $ is u-hounded. 

Fix a local invariant foliation Q which is transverse to Per"(<I>) on a neighborhood 
[/, of Per:($). 
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Lemma 3.8. For any given neighborhood U o/Pcr"(<i>), 

sup{||L»$-*|£;„(,)|| I t > 0,z e Af\C/} < oo. 

Proof. By taking a finite covering, we may assume that is orientable without 
loss of generality. By X, we denote the vector field generating $. Fix a continuous 
vector field such that {X{z),Y"{z)} spans E^{z) for any z e M and Y^{z) is 
tangent to Q{z) if z G [/*. We define functions 77 and A on M x R by 

Z?$-*(r"(z)) = ry(z, t)X{<^-\z)) + \{z, t)Y^^-\z)). 

Since D$-*(X(z)) = X($"*(z)), the following identities hold: 

r/(z, t + t')= rj{z, t) + X{z, t) ■ v{^-\z), t'), 
X{z,t + t') = X{z,t) ■ \{^-'{z),t'). 

By the local invariance of Q, if G L/* for any < i < to then ri{z,tQ) — 0. 

Without loss of generality, we may assume that J7 is a subset of . By Propo- 
sition[331 there exists T > such that |A(z,t)| < 1/2 for any t>T and z G Af\[/. 
Take a constant ii'o > 1 such that |A(z,t)| + \ri(z,t)\ < Kq — 1 for any z G M 
and any < t < T . It is sufhcient to show that |A(z,t)| + |77(z,<)| < AKq for any 
z G M\U and t > 0. 

We define a function t : M\U^[T, 00] by 

r inf{i > T I a>-*(z) C/} ifz0a>T*'(C^) 
[00 otherwise. 

We claim that |A(z,t)| + \-niz,t)\ < Kq for any z G M\U and < t < t(z). It is 
trivial ii t < T. Suppose that T < t < t(z). Then, <I>^* (z) is contained in U for 
any T <t' <t, and hence, 77($"^(z),< - T) = 0. Since A(z,<) < 1/2, we have 

|A(z,i)| + |r?(z,i)| = |A(z,t)| + |77(z,T) + A(z,T) ■ 77(<i>-^(z), t - r)| 

It completes the proof of the claim. 

Fix z G M\U Take a sequence (ii)i>o in [0, cx)] such that to = 0, ti+i = U + 
t($~**(z)) for any i > 0. We claim 

(11) \{z,U)<2-\ r,(z,U)<2Ko{l-2-') 

for any i > 0. The proof is by induction. The inequalities for i = is trivial. 
Suppose that they hold for i. Since T < ti+i - U^ t($~**(z)) and t($~*'(z)) ^ U, 
we have |A($~*'(z), t^+i —ti)\ < 1/2. The first claim also implies |77(<f>^*' (z), t^+i — 
ti)\ < Kq. By the assumption of induction, 

|A(z,t,+i)| = |A(z,t,)l • |A($-*'(z),t,+i - tOI < 2-^ ■ 2-1 - 2-('+i), 
\v{z,U+i)\ < \v{z,U)\ + \X{z,t,)\ ■ |?7($*'(z),i,+i 

< 2i^o (1 - 2"') + 2-'Ko = 2i^o (1 - 2-(^+i)) . 
Therefore, the inequalities pT|) hold for i + 1. The claim is proved. 
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Take i > 0. There exists z > such that ti < t < ti+i. Since < t — ti < 
t($^**(z)), the above claims imply 

|A(z,i)| = |A(z,t,)| •|A($-*'(z),t-t,)l <l-Ko = Ko, 
\7j{z,t)\ < \rj{z,t,)\ + \\{z,U)\ ■ |7,($-**(z),i-t,)l 
<2Ko + l- Ko = 3Ko. 

□ 

Lemma 3.9. There exists a neighborhood Ui of Per"($) and a positive-valued 
function 6i on M such that 

for any e > 0, t > 0, and z G Plt'elo t] (^i)- 

Proof. For an interval J C M and a subset S of M, we denote the set {$*(z) | z e 
5,< G J} by ^■'{S). 

Fix a neighborhood t/i of Per"($) and a constant < e' < e/2 such that 
Mt'(U\) V\ Mt'{M\U^) = 0. Take a family {^z\z^m of local cross-sections so that 
Im (/i^ C ^/(z) for any z G C/i. Let {r*} be the family of returns and put /^(z) = 
D^{z, S) n Im (pz- Since A)} is a continuous family of C^-disks, {/|(z)} is a 

continuous family of C^-intervals. By Proposition [23 there exists S' > such that 
r~*{Ig,{z)) C for any t > and z G A/. Take an open interval J C K 

containing such that C D^{z,2e') for any z G M. By the invariance 

of g, wc have rJ*(J^,(^^) = (z)) for any z G flt'elo,*] We also take 

(5 > so that i:)"(z,5) C (z)) for any z G Af. Then, we have 

$-*p"(z,<5)) C ^-\<f'ilf,iz))) = <i>^($-*(/,",(2))) = <i>^(r7*(/,",(z))) 
C $^(4'i($^*(z))) C L'"($-*(z),2e') C L>"($^*(z), e). 
for any i > and z G flt'Glo t] 1^ 

Now, we prove Proposition 13. 71 Fix e > 0. Let Ui and 6i be the neighborhood of 
Per"($) and the function that are given by Lemma [3?9l There exists a neighborhood 
U2 of PerJ^($) and a constant < £2 < e such that Me^{U2) r\Ne^{M\Ui) = 0. By 
Lemma I3.8| 

A' = 1 + sup { ||Z?$-*|£.(,) II I t > 0, z G M\U2] 

is finite. Put 82 = 5i{e2K^^) and 6 = min{(52, e2iir^^}. It is sufficient to show the 
inclusion 

(12) ^-'(^"(z,^)) C L'"($-*(z),e) 

for any z G Af and i > 0. 

For z ^ t/i, we have L)"(z, e2K^^) n C/2 = 0, and hence, 

(13) $-*(7^"(z, e2K-^)) C Z?"($-*(z), £2) C i?"($-*(z), e) 

for any t >Q. It implies the inclusion (fT2l) for z ^ [/i. If z G J7i, put T = inf{i > 
I <I>-*(z) ^ Ui} G (0, 00]. For < i < T, we have 

$-*(i?"(z,(52)) C i?"($-*(z),e2i^"') C I?"($-*(z),e). 

It implies the inclusion (fT2| for the case T = 00 or < t < T. If T is fi- 
nite, then $-^(£)"(z,52)) C ^"(^-'^(z), £2^:"!). Since $-^(z) ^ Ui, we have 
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C i:»^($-('^+*')(z),e) for any f > by It implies the 

inclusion (fT2|) for the case z G C/i and t >T. 

3.4. Hyperbolicity of periodic orbits. The following proposition is the last 
piece of the proof of Proposition 13. II 

Proposition 3.10. // a E^-fine PA flow $ is s- and u-bounded, then Per"((f>) 
is empty. 

Proof of Proposition \3.1[ Let $ be a topologically transitive PA flow with a PA 
splitting. Topological transitivity implies that fi, is empty. By Proposition I2.15[ 
all periodic points are s- and u-regular. In particular, $ and <I>~^ are E'^-fine. 

By Proposition [33] for $ and <I>^^, we see that Per*($) consists of finite number 
of orbits. Take a time-change <I>i of <& which admits a local invariant foliation 
transverse to Per*(<I>). Remark that both $1 and are and i?^-fine. We apply 
Propositions [37l and [37TOl to $1 and ^j^^ The for mer implies $1 is s- and u- 
boundcd. The latter for $1 implies that Per"(<I>i) is empty and the same for 
implies that PerJ(<I>i) is empty. Hence, $1 is an Anosov flow by and Corollarv l3.6l 
Since <!> is a time-change of $1, also $ is. □ 

The rest of the subsection is devoted to the proof of Proposition l3.10l Fix a 
i?''-fine PA flow $ on a closed three-dimensional manifold M which is s- and u- 
bounded. Let TM = E"^ + E'' he a PA splitting of $ such that E" generates a 
fohation :^^ Remark that D%z, d) C J^^iz) for any z £ M and ^ > 0. 

Take a family {4>z}zeM of embeddings from [— 1, l]'^ to M such that ^pz{0, 0, 0) — 
z, ■0z([— 1, 1]^ xy) C JF''(V'z(0, 0, y)) for any y G [—1, 1], and the map (z, w) 1— > ipz{w) 
from M X [—1, 1]^ to M is of class C^. By B{z, S), we denote the closed ball of ra- 
dius S which is centered at z. There exists eg > such that B{z, 8eo) C Im ipz 
for any z £ AI. Since $ is s- and u-bounded, we can take (5o > so that 
$*(L'"(z,(5o)) C i:'''($*(z),eo) and $-*(D"(z, (5o)) C L>"($-*(z), eo) for any z G M 
and t > 0. 

Suppose that Per"(<I>) is non-empty and contains a point p. There exists a 
continuous injective map H : (—1, 1)^^M such that 

(1) H{0,0)^p, 

(2) Im iJ C Im Vp, 

(3) is of class and x (-1,1)) C D"" {H {x , 0) , 5a) for any x G 
(—1, 1), and 

(4) H{{-1, l)xy)c D'iHiO, y),6a) for any y G (-1, 1). 

We put = Uxg(_i^i) i^«(if(a:,0),5o). 

By Proposition 13.51 Per"($) consists of finitely many orbits. Since is topo- 
logically transitive, the union of periodic orbits is a dense subset of M. Hence, 
1, 1)^) contains a hyperbohc periodic point q. Put (a:*,?;*) = H^^{q). 

For X G [0,a;*] and t > 0, we put J"(a;,f) = $-*(ff(x x [0,?;*])). Let V{x,t) be 
the arcwise connected component of i>~*(F) Pi i?(<f>~*(if(x, 0)), 3eo) which contains 
$-*(iJ(a;,0)). Since 

r{x,t) C $-*(i^"(i?(:r,0),<5o) C i?"($-*(il(a:,0)),eo), 
we have J''{x,t) C F(a;,i). 
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Let TTy : M'^ — > R be the map defined by 'Ky(w,x,y) ~ y. Put I(x,t) — iTy o 
V'$-t(i/(x,o))('^"(^'^))- deRne a map hr^^t : [0,y^]^I{x,t) by 

Remark that it is a diffeomorphism. 

The map hx^^t ° ^0 decomposed in two ways; 

(14) hx,,t ° = {fT-x,,t ° K!,o) ° {f^x.fi ° Vi) 

We estimate the distortion of each decomposition. It wiU lead us to a contradiction. 

Lemma 3.11. {dist{hx,,t o q, I{x^O,0)) | < > 0} is bounded. 

Proof. Let T be the period of q and put h = hx,^T ° h^^o- Then, I{x^,T) C 
/(a;*, 0) and the map h is conjugate to the local return map of on J"(a;*, 0), 
Since g is a hyperbolic periodic point, there exist C > and A £ (0, 1) such that 
|/i"(/(a;*,T))| < CA" for any n > 0. Take K > so that \D(log \Dh\){y)\ < K for 
any y G Ix^.o- Then, we have 

dist(/i^.,„To/i-i_o,/(x,,0)) = dist(/i",/(a;*,0)) 

n-l 

= ^ dist(/i,/i"(/(a;*,0))) 

m=0 

n-l 

< ^ i^: • CA" < KC{\ - X)-^. 

Since dist(ft.a;^^t o /i~^q, (/(x*, 0))) is continuous with respect to i, it is bounded on 
[0,T]. Hence, the lemma follows from the formula j!]). □ 

We will show that the distortion of the last term of (fT4|) is unbounded. Once it 
is shown, it contradicts Lemma 13.111 and hence, Per"(Per($)) is empty. 

Lemma 3.12. {dist(/io.f o /iq"q, /(O, 0)) | t > 0} is unbounded. 

Proof. Let T be the period of p = /iq"J(0). Put h = /io,t ° o- Since h is 
conjugate to the return map of on J"(0,0), we have 1(0, T) = h{I{0,Q)) C 
1(0,0), n„>i /i"(/(0,0)) = {0}, h{0) = 0, and \Dh{0)\ = 1. By the formula (0), 

dist( VnT o h^'o, 1(0, 0)) = dist(/i", /(O, 0)) 

> |log |m"(0)| - log |/i"(/(0, 0))| + log |/(0, 0)11 
= |-log|/i"(J(0,0))|+log|/(0,0)||. 

The last term goes to infinity as n tends to infinity since lim„^oo l^"(^(0;0))| — 
0. □ 

To estimate the distortion of hx,^t ° It-qI, we need some preparations. 

Lemma 3.13. IfV{xi,t) r\V{x2,t) ^ 9 for < xi < X2 < x* and t>0, then 

IJ J''{x,t) C Im ip<s>-t(^H(xi.t)) 

X&[xi,X2] 



24 



MASAYUKI ASAOKA 



Proof. Since V{xi,t) U V{x2,t) is arcwise connected, we can take a continuous 
map L : [0,l]^V{xi,t) UV{x2,t) such that L(0) = ^-*{H{xi,0)) and L(l) = 
$~*(iJ(.X2, 0)). It defines a continuous map I : [0, 1,1) such that L(^) G 
$-*(I?"(ir(/(^)),0),,5o) for any 5 e [0,1]. The diameter of i) U y(x2, is not 

greater than 6eo and 

rm),t)U{m} C ^-'{D^{Hm),0)),5o) C D"($-*(F(KO,0)),eo). 

Hence, J"{l{^),t) is contained in B{^-*{H{xi,0)),8eo) for any ^ e [0,1]. Since 
[a;i, 2:2] C Im I and (a;i, 0)), 8eo) C Im V'a>-*(J?(xi,o))i the proof is complete. 

□ 

Let Vol(-) be the volume on M associated with the fixed Riemannian metric of 
M. 

Lemma 3.14. There exists a constant > such that 

\I{x,t)\ < K^Vol{V{x,t)) 

for any x € [0, a;,] and t > 0. 

Proof. Since i?([0, x*] x [0, y*]) is contained in Int V, there exists ci > such that 
D^'lz^ei) C V for any z G H{[0,x^,] x [0,y*]). Since $ is s- and u-bounded, we 
can take 61 > such that ^*{D'{z,Si)) C D'{^\z),ei) and C 
£)"($-*(z),ei) for any z€ M. 

Put C(a;, = U.ej-(.,t) ^'(^' ^i)- For z = $-*(iJ(a;, y)) e J^{x, t), ^\D^iz, 61)) 
is contained in D^{^^{z),ei) = D^{H{x,y),ei), and hence, in V. Since 

J^{x,t) C $-*(£>«(if(a;,0),^o)) C £>«($-*(if(a;,0)), eo), 

we have 

C(x,t) c4>-*(y)nB(4>-*(i?(x,0)),eo + (5i) cF(x,t). 

By the smoothness of the map {z, w, x, y) ^ ipziw, x, y), there exists Kq > 
such that < ||-D'(/'J^(u)|| < Ko\\v\\ for any z € M, z' G Im ip;^, and v G 

Tz'M. Let Leb„ be the Lebesgue measure on M". Since 

Leb2 (V'^-.(«(,,o)) (^'(^,-^1))) > ^SlK^' 
for any z G J^{x,t), we have 

(15) \I{x,t)\ = \7ryOi;-l^^^^^^^^{r{x,t))\ 

<;^^-Leb3 (V'i^*(H(.,o))(^(^'i))) 

< . Vol iC{x, t)) < . Vol (y (a., i)) . 

□ 

Now, we estimate the distortion of /ix,,t o h^ ]. 
Lemma 3.15. {dist{hx,,t ° ^^1,1(0,1))} \ t>0} is bounded. 
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Proof. For z, z' G A/, the map ip^^ ° V'z' can be written as 

by a map /z,z' valued in and a function 2/ . Take Ki > Osothat\D{log\Dgz,z'\)iy)\ < 
Ki for any z,z' £ M and any y in the domain of gz,z' ■ 

By Lemma r3.13| if V{xi,t) n y(x2,i) 7^ for < xi < X2 < x*, then vr^ o 
'0$-'(/f(a:i,o)) ('^"(2^; ^)) I{xi,t) for any a:; G [a:;i,a;2]. It imphes that hx2,t ° — 
9z2{t),ziit), where Zi{t) = ^^^H{xi,0)). Hence, we have 

Fix t > 0. Let 5 be the set of sequences {xi)™^Q that satisfy xq — 0, = x*, 
and i) n V{xi, t) ^ % for any i = 0, • • • , m — 1. It is non-empty by the 

compactness of [0,1]. Take {xi)'^^ € S such that m is minimal in S. For any 
z € M, the minimality of m implies that the number of V{xi,t) containing z is at 
most two. Let K» be the constant given by Lemma [3. 141 Then, we have 

m — 1 

dist(/ia;.,t ohQ^,I{0,t)) < ^ dist{hx,+i.,t o h^^f, I{xi,t)) 

i=Q 

m — 1 

<K,Y.\I{x,,t)\ 

m — 1 

< K,Ki J2 yol{V{x,,t)) 

i=0 

< 2K^KiVol{M). 

Since Ki and does not depend on t, the lemma is proved. □ 

Since the second component of the middle term of (fT4|) does not depend on t, 
Lemma l3 . 1 1 1 implies that the distortion of the middle term is bounded with respect 
to t. It contradicts Lemmas 13.121 and 13.151 which imply that the distortion of the 
last term of (fH)) is unbounded with respect to t. Therefore, Per"(<I>) is empty. 
Now, the proof of Proposition [37TOl is finished. 



4. Foliations with tangentially contracting flows 
In this section, we prove Theorem 11.51 

Let T he aC^ foliation on a closed three-dimensional manifold A/. Suppose that 
T admits a tangentially contracting flow <I>. Let C > and A > 1 be constants 
such that ||A^$*|(Tjc-/T*)(z)|| < CA~* for any z e AI and t>0. 

Lemma 4.1. There exists a continuous subbundle i?" ofTM such that ^ is a PA 
flow with a PA splitting TM = TT + 

Proof. The proof is almost identical to Lemmc IV. 1.1 in [13] . 

The differential of the flow $ induces a flow Njr'i' on TMjTT. Let S", be the 
set of points z G Af that satisfies 

(16) linisupiloglliV^**!! < -i^. 



26 



MASAYUKI ASAOKA 



We will show that S„ must be empty. Once it is shown, we have 

liminf^^^k^.O 

for any z G M. By a standard argument (see e.g. Proposition 2.3 of [5]), we can 
show that there exists a continuous subbundle of TM such that TM = TJ^+E" 
is a PA splitting for <i>. 

Suppose that S^, is not empty. Take a point zq in 5». First, we claim that <& 
admits an attracting periodic point. As an accumulation point of the uniform mea- 
sures on {$*(zo) I t e [0, r]} with T— >oo, we obtain a ^-invariant Borel probability 
measure such that 



^\og\\N^^l\ 



dm^,{z) < 1 — . 



=0^ 

It implies that there exists a Borel subset [/, of M such that m^,{U^) > and all 
Lyapunov exponents of $ are negative on By Pesin theory, the w-limit set of 
any point of t/* is an attracting periodic point. Therefore, the claim is proved. 

Suppose that Za is an attracting periodic point of Since $ is tangentially con- 
tracting, there exists a compact embedded annulus A in J-'{za) such that C 
Int A for any t > 0, f]^^^ = 0{za), and \J^^^ ^^'^{A) = .F(zq). In particular, 

the leaf T''{za) is diffeomorphic to S*^ x K. Since Za is attracting, we can take a 
compact neighborhood U of 0{za) in M such that dAnU = 9 and $*(J7) C Int U 
for any t > 0. By the choice of A, we have [/ n ^{za) = U H A. It implies that 
JF(za) is a proper leaf. By Lemma [2.141 ^''{za) has trivial holonomy. However, it 
contradicts that 0{za) is an attracting periodic orbit. □ 

Lemma 4.2. The PA flow $ is E'^-fine. 

Proof. By the strong stable manifold theorem, each leaf of is diffeomorphic to 
or X E. In particular, !F has no closed leaves. By Duminy's theorem, there 

exists no exceptional minimal set of J^. Hence, each leaf of J- is dense in M. By 

the same argument as the above lemma, if zq is a u-irregular periodic point, then 

J-{zo) is semi-proper. However, it contradicts that each leaf of J- is dense in M. 

Therefore, any periodic point is u-regular. Since <i> is tangentially contracting, any 

periodic point is s-regular. 

By Proposition I^IUI either is empty or M = W"{ni) n O^. Since has no 

closed leaves, ftl is empty. It implies that the latter case can not occur. Therefore, 
is empty. □ 

Proposition 4.3. The flow $ is an Anosov flow. 

Proof. Let TM = TT + E"" be a PA splitting for $. Since $ is tangentially 
contracting with respect to JF, we have PerJ(<i>) = 0. In particular, Per*($) = 
Per:($). 

By Proposition 13.51 Per"(<i>) consists of finitely many non- hyperbolic periodic 
orbits if it is not empty. Any time-change of $ preserves each leaf of T and is 
tangentially contracting with respect to J-. Hence, we may assume that $ admits 
a local invariant foliation transverse to Per*(<i>) = Per"($) (see the beginning of 
Subsection 13. 4p . By Proposition 13. 7| $ is u-bounded. 

By the same argument as the hyperbolic case in |llj . there exists a continuous 
J9$-invariant splitting TT = r<f> © i?'"' and constants C > and A > such that 
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\\D^*\ess^^)\\ < for any z G M and t > 0. It implies that {\\D<^^Tr{z)\\ I z e 

M, t > 0} is bounded. Hence, $ is s-bounded. 

Since $ is a £;"-fine PA flow, Proposition[330]implies Per*($) = Per"($) = 0. 
By Corollary [321 ^ is an Anosov flow. □ 

Now, we prove Theorem 1 1.5 1 By Theoreme 4.1 of [13], J- admits a C transverse 
projective structure. By Theoreme 5.1 of [6] (c./. Theoreme 4.7 of [14]) $ is 
topologically equivalent to an algebraic Anosov flow. Therefore, ^ is homeomorphic 
to the weak stable foliation of an algebraic Anosov flow. Such a C foliation with 
r > 2 is classified completely by Ghys [l^ and Ghys and Sergiescu [15]. Their 
result implies that is C""-diffeomorphic to the weak stable foliation of an algebraic 
Anosov flow. 
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